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Abstract

Differential equations have emerged as fundamental mathematical tools in machine learning and data science,
providing both theoretical foundations and practical methodologies for solving complex problems. This
comprehensive review explores the applications of ordinary differential equations (ODEs) and partial
differential equations (PDEs) across machine learning domains, including neural network optimization,
generative modeling, and physics-informed learning. We discuss continuous-time perspectives on gradient
descent, Neural Ordinary Differential Equations as continuous-depth models, diffusion-based generative
modeling through stochastic differential equations, Physics-Informed Neural Networks for scientific
computing, and flow-based models. This paper demonstrates how differential equations bridge classical
mathematics and modern machine learning, providing powerful theoretical insights and practical
improvements in model development and training.
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INTRODUCTION Recent breakthroughs have demonstrated the
power of differential equation perspectives in deep
learning. Neural Ordinary Differential Equations
represent a paradigm shift in architecture design by
treating network depth as a continuous variable [4].
Diffusion models based on stochastic differential
equations have achieved state-of-the-art results in
generative modeling [5]. Physics-Informed Neural
Networks integrate domain knowledge through
differential equation constraints [6]. These
developments collectively demonstrate the mutual
enrichment possible between classical differential
equation theory and modern machine learning.

The intersection of differential equations and
machine learning has become a cornerstone of
contemporary deep learning research and practice
[1]. Differential equations provide mathematical
frameworks for modeling continuous dynamical
systems, making them natural tools for
understanding neural network training, learning
dynamics, and generative processes [2]. Traditional
machine learning frameworks often employ discrete
optimization methods; however, viewing these
processes through continuous-time differential
equations reveals fundamental properties about

convergence, generalization, and training This paper provides a comprehensive survey of
dynamics [3]. ODE and PDE applications in machine learning and
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data science. We organize our discussion into major
themes: continuous-time optimization perspectives,
neural differential equation architectures,
generative models through diffusion processes,
physics-informed learning frameworks, and
applications in signal processing and discovery. For
each area, we discuss theoretical foundations,
methodological innovations, and practical
applications.

CONTINUOUS-TIME PERSPECTIVES ON
NEURAL NETWORK OPTIMIZATION

A. GradientDescent as a Differential Equation

A fundamental insight in optimization theory is
viewing discrete gradient descent as a Euler
discretization of the continuous-time ODE [7]:

dx

= V)

where x(t)represents model parameters and fis the
loss function. This continuous perspective reveals
properties obscured in discrete analysis [8]. The step
size of discrete gradient descent corresponds
directly to the time discretization parameter, and
convergence rates in the continuous formulation
inform discrete algorithm analysis [9].

Lyapunov stability theory provides rigorous tools
for analyzing gradient-based optimization [10]. By
studying equilibrium points and trajectory behavior
in the continuous setting, researchers derive
conditions for convergence in non-convex
optimization, fundamental to deep learning [11].
This theoretical framework has enabled design of
improved optimization algorithms with provable
convergence properties [12].

B. Stochastic Gradient Descent and Stochastic
Differential Equations

Stochastic gradient descent, which uses mini-batch
sampling, naturally maps to a stochastic differential
equation[13]:

dx(t) = =Vf(x(t))dt +/2ng(x(t))dW (t)

where 1 is the learning rate, gcharacterizes data
sampling effects, and dW(t)is a Wiener process
increment [14]. This SDE formulation enables deeper
understanding of SGD's implicit regularization
properties, revealing how noise helps escape
sharp minima and improves generalization [15].
The connection to Langevin dynamics has
illuminated relationships between optimization and
sampling [16].

C. Accelerated Optimization Methods

Momentum-based optimization methods and
acceleration can be understood through second-
order ODEs [17]:

2 dx

FTPRRTR Vi(x) =0

where yis a damping parameter [18]. This
formulation explains why Nesterov's accelerated
gradient achieves faster convergence than vanilla
gradient descent [19]. The continuous perspective
has inspired new accelerated algorithms with
improved stability properties and convergence
guarantees [20].

NEURAL ORDINARY DIFFERENTIAL
EQUATIONS

Continuous-Depth Neural Networks

Neural Ordinary Differential Equations represent a
breakthrough in neural architecture design, treating
hidden state evolution as a continuous process [4].
Rather than stacking discrete layers, Neural ODEs
solve:

h(t)
—r = [((®),1:0)
where h(t)is the hidden state, function fis
parameterized by learnable weights 0, and output is
obtained by integrating the ODE. This approach
provides constant memory cost independent of
depth, adaptive evaluation through ODE solvers,
and continuous-time representations enabling
flexible temporal resolution [4].
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B. Adjoint-Based Training

Training Neural ODEs requires computing
gradients through ODE solutions via the adjoint
sensitivity method [4]. Rather than backpropagating
through discrete steps, the adjoint method solves a
backward ODE, dramatically reducing memory
requirements while enabling end-to-end training of
arbitrarily deep continuous networks [4]. This
training procedure has been extended to
accommodate various ODE formulations and
complexarchitectures [21].

C. Applications and Extensions

Neural ODEs have proven valuable for irregular
time series where fixed-length inputs are
inappropriate [22]. Extensions include latent ODE
models for variability in complex systems and
continuous normalizing flows for invertible
transformations [23]. Recent work addresses
challenges in training stability and explores hybrid
discrete-continuous architectures combining
standard networks with continuous components
[24].

DIFFUSION MODELS AND
STOCHASTIC DIFFERENTIAL
EQUATIONS

A.Diffusion Models as Reverse SDEs

Recent breakthroughs in generative modeling
leverage diffusion processes formulated as
stochastic differential equations [5]. Diffusion
models gradually add noise to data:

dx = f(x, t)dt + g(t)dW,

where f and g control drift and diffusion. Learning
involves training a neural network to estimate
the score function (gradient of log probability)
that reverses this process [5]. This approach has
achieved state-of-the-art results on diverse
generative tasks [5].

B.score-Based Generative Models

The score function estimation framework,
developed independently from diffusion models,

estimates the gradient of log probability density [25].
By training networks at multiple noise scales and
using Langevin dynamics for sampling, score-based
models achieve high-quality generation without
adversarial training [25]. Theoretical work shows
score-based models and diffusion probabilistic
models are discretizations of the same stochastic
differential equations [26].

C. Unified Framework Through SDEs

A unifying perspective represents both score-based
models and denoising diffusion probabilistic
models as solutions to reverse-time SDEs [26]. This
formulation reveals their mathematical equivalence
and enables efficient computation. The Fokker-
Planck equation governing probability density
evolution provides theoretical grounding for
understanding convergence and expressiveness
[26].

PHYSICS-INFORMED NEURAL
NETWORKS

A.Framework and Methodology

Physics-Informed Neural Networks (PINNs) encode
domain knowledge and physical laws through
differential equation constraints in the training
objective [6]. Rather than purely fitting data, PINNs
solve PDEs by training networks to satisfy:

Fu,Vu,Vu,...) =0

where u is approximated by the neural network. The
loss function combines PDE residuals with
boundary/initial condition losses, ensuring
physical consistency [6]. This approach enables
learning from sparse, noisy data by leveraging
physical structure [27].

B. Applications in Scientific Computing

PINNs address diverse scientific computing
problems: solving high-dimensional PDEs where
traditional methods fail, discovering governing
equations and parameters from data, creating fast
surrogate models for expensive simulations, and
performing uncertainty quantification [6].

116



IPEM JOURNAL OF COMPUTER APPLICATION & RESEARCH * VOL. 10, DECEMBER 2025

Applications span fluid dynamics, quantum
mechanics, reaction-diffusion systems, and
nonlinear wave propagation [6].

C.Recent Advances and Challenges

While promising, PINNs face challenges including
training instability, slow convergence on
convection-dominated problems, and scalability to
very high dimensions [28]. Recent work addresses
these through improved activation functions,
adaptive sampling strategies, and hybrid
approaches combining neural networks with
classical numerical methods [29]. Theoretical
analysis of PINN convergence provides important
insights into training dynamics [30].

FLOW-BASED GENERATIVEMODELS

A. Continuous Normalizing Flows

Normalizing flows build invertible transformations
through learned functions [31]. Continuous
normalizing flows employ Neural ODEs to define
invertible maps, with the inverse obtained by
solving the ODE backward in time [23]. The
instantaneous change of variables formula enables
tractable likelihood computation:
of
s (55)

B. Generative Capacity and Theory

T

log p() = log p(x) — fo

The continuous ODE formulation provides
theoretical advantages for understanding
expressiveness through optimal transport theory
[32]. Monge-Ampeére equations from optimal
transport inform design of expressive flow
architectures [32]. The relationship to PDEs provides
mathematical grounding for understanding when
flows can represent target distributions [33].

C. Applications

Flow models excel at density estimation with exact
likelihoods, enabling applications in variational
inference, likelihood-based modeling, and
sampling. Their invertibility and tractable densities

make them valuable for problems requiring precise
probability computation [34].

SIGNAL PROCESSING AND TEMPORAL
MODELING

A. Continuous-Time Modeling of Temporal Data

Differential equation perspectives enhance
understanding of temporal processing in neural
networks [35]. Neural ODEs

naturally handle irregular sampling frequencies and
missing data, advantages over fixed-step
approaches [22]. The continuous-time framework
enables flexible model design for temporal
phenomena [36].

B. Anomaly Detection in Dynamic Systems

Neural ODE frameworks enable principled anomaly
detection by learning normal system dynamics and
identifying deviations [37]. The memory efficiency
of Neural ODEs enables processing of long
sequences with limited computational resources
[38]. Applications include detecting anomalies in
time series from diverse domains [39].

DATA-DRIVEN DISCOVERY OF
DYNAMICAL SYSTEMS

A.Discovering Governing Equations

Machine learning approaches can discover
differential equations directly from data, extracting
interpretable models of system dynamics [40].
Neural networks constrained to sparse structures
can identify both known and novel governing
equations [40]. This bridges machine learning and
scientific discovery by enabling data-driven
identification of physical laws [41].

B.Mechanistic-Empirical Hybrid Models

Combining mechanistic models based on physical
laws with empirical neural network components
creates powerful hybrid systems [42]. These
approaches incorporate known physical structure
while learning unknown components, achieving
better generalization and interpretability [42].
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THEORETICAL FOUNDATIONS AND
CONVERGENCE ANALYSIS

A. Generalization Bounds for Neural ODEs

Recent theoretical work establishes generalization
bounds for continuous-depth networks by
leveraging the analogy with deep residual networks
[43]. Bounds depend on magnitude of parameter
changes, providing insights into how depth and
continuity affect generalization [43].

B. Convergence of Diffusion Models

Theoretical analysis of diffusion model training
demonstrates convergence of score matching
objectives and sample quality [26]. These results
employ neural tangent kernel theory and provide
the first convergence guarantees for learning score
functions [44].

CHALLENGES AND FUTURE
DIRECTIONS

A. Current Limitations

Despite significant progress, several challenges
remain:

1. Numerical Stability: Solving ODEs in high
dimensions with neural networks presents
numerical challenges [45]. Implicit solvers offer
advantages but increase computational
complexity [46].

Computational Cost: Diffusion models require
thousands of function evaluations during
sampling, limiting practical applications [47].
Research on accelerating sampling and training
isongoing [48].

Scalability to High Dimensions: Traditional
PDE solving methods struggle in very high
dimensions; scaling neural approaches remains
difficult [49].

Theoretical Understanding: While progress
has been made, complete theoretical
characterization of neural differential equation
methods remains incomplete [50].

B.Emerging Research Directions

Future work includes developing more efficient
ODE solvers for machine learning contexts,
extending theoretical guarantees, improving PINN
training stability, creating better uncertainty
quantification methods, and exploring applications
to new scientific domains. Hybrid methods
combining neural and classical approaches show
promise for overcoming current limitations [51].

CONCLUSION

The integration of differential equations into
machine learning represents a fundamental shift
toward mathematically grounded, theoretically
understood learning systems. From continuous-
time perspectives on optimization to Neural ODEs
for deep learning, from diffusion models for
generative tasks to Physics-Informed Neural
Networks for scientific computing, differential
equations provide powerful frameworks for
understanding and advancing machine learning.

The field continues to evolve with new applications
emerging and theoretical understanding deepening.
Future progress will involve improved
computational methods for solving neural
differential equations, extended theoretical results,
and expansion into new application domains. As
machine learning tackles increasingly complex
scientific and engineering problems, differential
equations provide essential mathematical tools for
developing principled, interpretable, and effective
learning systems.

This survey demonstrates that the synergy between
classical mathematics and contemporary machine
learning is not merely of academic interest but
practically valuable, driving innovations across
numerous domains. Researchers working at this
intersection contribute to a richer approach to
machine learning that respects both mathematical
rigor and computational efficiency.
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